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Abstract Non-linear dynamic model of a cable—
mass system with a transverse tuned mass damper is
considered. The system is moving in a vertical host
structure therefore the cable length varies slowly over
time. Under the time-dependent external loads the
sway of host structure with low frequencies and high
amplitudes can be observed. That yields the base
excitation which in turn results in the excitation of a
cable system. The original model is governed by a
system of non-linear partial differential equations with
corresponding boundary conditions defined in a
slowly time-variant space domain. To discretise the
continuous model the Galerkin method is used. The
assumption of the analysis is that the lateral displace-
ments of the cable are coupled with its longitudinal
elastic stretching. This brings the quadratic couplings
between the longitudinal and transverse modes and
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cubic nonlinear terms due to the couplings between the
transverse modes. To mitigate the dynamic response
of the cable in the resonance region the tuned mass
damper is applied. The stochastic base excitation,
assumed as a narrow-band process mean-square
equivalent to the harmonic process, is idealized with
the aid of two linear filters: one second-order and one
first-order. To determine the stochastic response the
equivalent linearization technique is used. Mean
values and variances of particular random state
variable have been calculated numerically under
various operational conditions. The stochastic results
have been compared with the deterministic response to
a harmonic process base excitation.

Keywords Cable-mass system - Tuned mass
damper - Stochastic dynamics - Equivalent
linearization technique

1 Introduction

Moving cable systems carrying inertia elements such
as rigid-body masses are applied in many engineering
systems. In some applications the length of ropes and
cables vary during the motion, which results in non-
stationary behaviour of the system. For example in
elevator and mine lifting installations, the length of the
cable varies during the moving with some speed. As a
result the variation of natural frequencies of the system
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can be observed [1]. The host structures are often
subjected to external dynamic loads such as wind or
earthquakes [2]. This causes the excitation of the
structural system and corresponding response of the
cable that can be described by using the deterministic
models. On the other hand, because of nondetermin-
istic nature of wind load or earthquakes, these systems
should be considered with stochastic methods [3-5].
The wind action can be assumed as a wide-band
random process, however, due to the damping effect
inside the system the response of the structure can be
regarded as narrow-band random process.

In this paper two models of a cable—mass system are
presented: the nonlinear deterministic model under
harmonic excitation and corresponding stochastic
model with the excitation represented as a narrow-
band process mean-square equivalent to the harmonic
process. The horizontal displacements of main mass
are constrained by applying an auxiliary spring-
damper-mass combination to act as a funed mass
damper (TMD) [6]. TMD is used to reduce the
negative effects of the resonance phenomenon [7]. It
is very difficult to consider the behaviour of this type
of structure by applying the analytical methods due to
the non-stationarity and non-linearity of the pro-
cess [8]. Therefore the numerical techniques should
by used.

In paper [6] an approximated linear model was
expanded by neglecting the non-linear terms in
original set of equations of motion. This paper presents
different approach, where the equivalent linearization
technique is used to replace the nonlinear system by an
equivalent linear one, whose coefficients are obtained
from the conditions of mean-square minimization of
the error between both systems and are given by the
terms of expectations of nonlinear functions of the
response process.

The statistical linearization technique has been
applied to consideration of many various nonlinear
stochastic problems since using by Caughey [9]. Other
examples of this method can be found e.g. in [10-13].
This technique was also applied to problems of non-
Gaussian excitations such as non-linear system under a
Poisson impulse excitation e.g. [14—16] or in combi-
nation of various advanced method of stochastic
dynamics e.g. [17-21].

In this paper the mean values and variances are
calculated for different values of auxiliary damping
filter ratio. The expected values of particular random
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state variables are compared with the deterministic
results obtained for original nonlinear system sub-
jected to harmonic excitation.

2 Non-linear model

In the model presented in Fig. 1 the main mass
M moves downwards at the transport speed denoted as
V, and is suspended by a metallic elastic cable of
length L = L(¢) which is varying over time. The total
height of the host structure is Zy. The characteristic
values of the cable such as cross-sectional area,
modulus of elasticity, mass per unit length and mean
quasi-static tension are denoted as A, E, m and T,
respectively. The tension magnitude can be obtained
by using the following expression

T' =M +my +m(L—x)](g —a), (1)

where m, is a small auxiliary mass attached to the
main mass by a spring-dashpot system with the
coefficients of stiffness and viscous damping assumed
as k4 and ¢4, respectively. The horizontal displacement
of auxiliary mass is denoted as z;. The main mass M is
constrained in the lateral direction by a spring of the
coefficient of stiffness k. The horizontal and vertical
displacements of main mass are assumed as u, () and

\/'(7/)1/0\

Fig. 1 Schematic model of cable-mass system: a undeformed
setting, b deformed setting
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vy (t). The lateral time-dependent displacements of
the cable v(x, ) are coupled with the longitudinal
vibrations u(x, 1).

The Hamilton’s principle expressed in terms of the
kinetic energy and the potential energy of the system
and external work of nonconservative forces yields the
partial differential equations of motion in the follow-
ing form

D’u
"pp A =0
D%y
mps — Toect m(g = a)(we +ve) — EA(eve), =0

Mvy + Ti(L)Vxlx:L + kAN — k,;(zd — VM) — Cd(Zd — \}M)
+ EAg|,_;vy|,., =0

maZq + ka(za — vu) + caza — vu) =0
(M + md)iiM + EAS')::L = 0

(2)
where the cable axial strain is given by the expression
¢ = u, +v>/2 and its quasi-static tension is assumed
as T=(M+my+mL)(g—a). The symbol 4
denotes the deformation of the spring with the stiffness
coefficient k. The partial derivatives with respect to
x and time ¢ are denoted as (-), and (-),, respectively,

while the total derivatives are expressed by the
following equations

DI;I(Z) = ( )zt + ZV( )xt + Vz( )xx + a( )x’ (3)
PO _ (), +v(),.
Dt t X

For metallic cables the lateral frequencies are much
lower than the longitudinal frequencies and the
excitation frequencies are considered to be much
smaller of the fundamental longitudinal frequencies,
so that the longitudinal inertia of the cable in the first
equation in (2) can be neglected in further consider-
ations. Integrating this equation and using the bound-
ary conditions u(0, 1) = 0 and u(L, t) = uy(¢) leads to
the following expression
1

u, = e(t) — SV (4)
where e(?) is the quasi-static axial strain in the cable.

The external loads such as strong dynamic wind
actions can cause the structure to sway. This results in
cable vibration of high amplitudes and low frequen-
cies. The red dashed lines presented on Fig. 1 denotes

the bending deformations of the host structure caused
by the base excitation due to the sway, which are
approximated by the polynomial shape function
¥ (n) = 3n*> — 2n. The variable n = z/Z; denotes
the ratio of coordinate measured from the ground level
z and the total height of the entire system Zj. As a
consequence of the bending deformations harmonic
motion vy (¢) occurs at the top end of the cable with the
frequency €y and amplitude Ag. The overall time
dependent lateral displacements of the cable—mass
system can be expressed as

Y,—-1
v(x, 1) = v(x, 1) + <1 + LL x> vo() (5)
where the ¥} is given as
Zy—L
= w(=, ) (6)

Zy

Due to the fact that the variation of L(¢) over a period
T, corresponding to the fundamental frequency of the
system fy is small in comparison to the total length of
the cable [3], the length of the cable can be considered
as a function of the slow time scale defined as © = et.
The small parameter € < <1 is given by the equation
€= L(to) /foLo [22], where fy denotes a given time
instant, f; is the lowest natural frequency that corre-
sponds to Ly = L(ty). The relative lateral displace-
ments related to L = L(t) can be expressed by the
finite series in the following form

N
W 7) = 3 B, L)) (1) (7)
n=1
with orthogonal trial functions assumed as
@, [x, L(7)] = sin[A,(L(7))x], n=1,2,...,N (8)
where N is the number of considered modes. The
eigenvalues 4, (7) are slow varying and are determined
from the frequency equation given as
M AN )
k — —Twyal;, | sin(A,L) + Tyasncos(2,L) =0
m
Tva =T (L) = (M +myg)(g — a)
9)

By using Egs. (5-8) in (2) a set of differential
equations of motion results as follows [6]
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N
m.qG, + k.q, + Z Kngn — [ka(za — Vu) + ca(Za — Vur)]

i=1

ul Yy, — 1
x @,(L) — EAé Z Tngn —
i=1

(pr (L) Vo| = Qr

maZg + ka(za — vm) + ca(Za — Vu) = Za
(M 4+ my)iiy + EAe(t;7) =0

where

Ty = Z @, [L(7)]gn (1)

0, =B (x)v ()+ﬂ“() o(1) + B (@) (1),

_ 28 lPL - r
ﬁg))*g L(‘L’) [(_1) _1},
R R
B = 21w -1,

Zg =kq¥rvo + ca¥rvo

Ky =m[g¥, + (g —a)(Op — LT )],

L L
O = / x® ®,dx, ¥, = / @ @,dx,
0 0
L "
7., :/ ¢, P,dx, k,:m,wf,
0

T L
M, = m/ ®2dx + MP*(L),
0

Wy = Iy

L
Kij = / @:@;dx, o = ¢I(L)’
0
Iy =2 — ¢;(L)¢V(L)

Considering a single-mode approximation and taking
into account the rth mode the following equations of
motion are obtained [6]

{kalza —

= &.(L)q,1}@.(L) — EAe, | T'ugy —

(Dr(L)qJ + Cq [Zzl
qIL -1 @r(L)v0:| = Qr

L
md‘Z‘d + kd [Zd - (D;(L)Qr} + cd[z-d - (pr(L)qr} = Zd(t7 T)

(M + my)iiy + EAe, =0

myG, + ¢4, + Igrqr -

(11)

A
m,*
The quasi-static axial strain in the cable is given then

by the equation

where Igr =k +K,, ¢, =2m.(,®, and @, =
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(12)

Derivation of the above formulae originates from [6],
where the problem of stochastic analysis was also
considered. In that paper the linearized problem was
solved by neglecting the non-linear terms. In the
considerations presented here the equivalent lineariza-
tion technique is used to replace the original nonlinear
system with an equivalent system given by the set of
linear differential equations.

3 Stochastic approach

In deterministic nonlinear solution the motion vy(t) is
assumed to be in form of harmonic vibrations with the
amplitude A and frequency €. However the external
excitation such as a wind load is of stochastic nature,
and can be considered as a narrow-band random
process mean-square equivalent to the mentioned
harmonic process. Therefore the motion vy, must
satisfy two conditions: be continuous and twice
differentiable. These can be fulfilled by assuming that
vo is the response of the second-order auxiliary filter to
the process X(f) which is in turn the response of the
first-order filter to the Gaussian white noise excitation
(1) [4]. The stochastic governing equations are given
in the following form

Vo (1) + ZCfQo\}o( )+ Qovo( ) =X(1)
X(1) + aX(t) = a\/2nSp&(r)

where the filter variable o is expressed by

342
a:90<—«:f+\/c}+ Jaal ) (14)

nSo — (A3’
while Sy and Cf denote the constant level of the white
noise power spectrum and damping ratio, respectively.
To convert the second-order differential equations into
the first-order differential one, the presented formula is
used

(13)
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dY(t) = ¢(Y(1),t)dt + b(t)dW (1) (15)

where the standard Wiener process, drift vector and
diffusion vector are denoted respectively as W(z),
c(Y(1),t) and b(z). Equation (15) is expressed in terms
of the augmented state vector that is given in following
form

Yt)=1[qr ¢, za Za um um Vo Vo X]T.
(16)
The elements of drift vector are defined as

a(Y(1) = 4.(1),
e(Y(1) = _ { =0, (1) = ke (1) + {kalza(t) — D(L)q,(1)]

+ calza(t) — @,(L)g, (1]} 4(L)
+ EA ["LM(E’ Ton(2)a, (1) - ”LM(E’)) Lt @,(L)vo(t)}

+ EA% [%Krr(r)ﬂn(f)qi(t) - (WLL(T_) 1 )3‘1"-(L)V3(f)]
v, -1

Lo [rmw - % wr)} ()
v, -1\
*EA< 1) ) { i
+ BO(t)vo(r) + B (2)vo(r) + B2 () (X (1)
— 24Qi0(r) Qovom)},
c3(Y(1) = 2a(1),

ca(Y(1) = mid{ — kalza(t) = - (L)g,(1)] — calza(t) — ®-(L)q,(1)]

+ EA

+ kleLV()(l) + Cd'PL\}()(l‘)},

es(Y (1) = um (1),

(1)) = X(1) = 24 Qovo(r) — Lgvo(1),

(17)

4 Implementation of equivalent linearization
technique

To convert the original nonlinear set of differential
equation into the linear one by using the equivalent
linearization technique, the augmented state vector
must be transformed to the centralized state vector

Y0 =[v0 v v ov) v v v v vy

(18)
in accordance with the following expressions
Y1) = q,(t) — g, (1), Y3(1) = G, (1) — p (1),
Y3(0) = za() = e, (1), YE(0) = Za(t) — e, (0),
Y3(t) = upn (1) — p, (1), Yo () = ting (1) — py, (1),
Y3(6) = wo(t) =y, (1), Y5(1) = Vo(r) — my, (1),
Yo(r) = X(1) — px (1)

(19)

The Equation (15) can be then rewritten in the
following form

dY°(t) = (Y°(r), t)dt + b(t)dW (1) (20)
where the centralized drift vector is given by
(YO(t), 1) = ¢(YO(t), 1) — E[e(Y°(r),1)]. (21)

The diffusion vector is assumed to be independent of
the state vector and defined as

b()=[0 0 0 0 0 0 0 0 ay21So]"
(22)

The elements of vector ¢®(Y°(),7) are obtained in
following form

@ Springer
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SN = 12,
SO00) = { W =B+ alr? - 0 (0]

1
+ calY) — B(L)YI]} (L) +EAmFm(Y§)Y?
— E[YoY) + Y)u,, + ¥ou, )

1 ¥, —1

L(t) L
+ Y, +You,)

&(L)(Y2Y! — EIVOYY)

1
+ BA gy |04 430,

— 3B((Y)u, + 3y9u;}

(%o

[0 4 308, = 3B, + 3708

+EAWL_1<D(L) -1
L(‘[) r m 2LKI‘V

[ YO+ 20940, — 2209800,
4V 00, ~ B0, + 2V |

s o]

x [(Yé’)zyi’ (P~ B[V, +2P¥ 0,

~ 2BVl 2+ Y B0

BN - 2 - i)
(Y1) =Y,

Y1) = »%{ R — B (L)Y — cul¥) — B (L)Y,

+ kgL (YD) +C¢1lpL(Y2(§))}7
AY°(1) = 17,

EA Y911
{~i-3[pmtoe?

g(Y(1) = Mem | L) 2

v, —1
L@
— EMY9] + Yiu,, + Y,
- 1\?
— 042 02 0

+ (Pt ) - Bl + 218 |
V() = ¥,
QYY) = ¥ — 24,Q0Y] — QY3
V() = ).

— E[(Y))’] +2¥),,) +2 @, (L)(Y]YY

(23)

The original nonlinear system given by Eq. (20) is
replaced in further consideration by the linear system
defined as

@ Springer

aY’(t) = BY (t)dt + b(t)dw(z), (24)

where the centralized drift terms are adopted as a
linear form of the state variables

&, (Y(0)) = B (25)
and components B;,, are obtained as

BimKnj = E[onc?(Yo)] , (26)
which in the matrix form is as follows

Bi(r) = E[¢"(Y())Y"']. (27)

Due to the assumption about the jointly Gaussian
distribution of the state variables Yo(t), the presented
relationship for zero-mean Gaussian random vector X
[23] is taken into account

E[Xf(X)] = E[XX"]E[Vf(X)], (28)
where f(X) denotes the non-linear function and V is
defined as V = [a% , a%, e a_gn] T. Transposing both
sides of Eq. (27) and using Eq. (28) yields

k()BT = k()E[Ve (YO(1))]. (29)
That defines the components of matrix B as

BT — B[V (YO(1))]. (30)

Using Eq. (30) and the elements of centralized drift
vector given by Egs. (23) the unknown matrix is
obtained in the form

0 1 0 0 0o 0 O 0 0 1
PIOJNC ky®,  cq®, o9 0 e B2
m, m, m,
0 0 0 1 0o 0 O 0 0
&, cyd, 5 v nJ
kg cq ke 0 o kaVr  ca¥e 0
B=| "d mq mq mq mq mq
0 0 0 0 0 1 0 0 0
A9 0o 0o o Voo p¥ 0 0
0 0 0 0 0o 0 O 1 0
0 0 0 0 0 0 -Q -2 1
0 0 0 0 0 0 0 0 —o
where
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1 . 1
) =— { —ky — kg ®* + EA S It

my

3 ey
+ EAZKrrFrn |:E[(Y?) } + #q'_
-1 11

(pr |:Frn - EZ KVV:| |:E[Y$Y?] + luq,,luVO:|

+paf P! ’ Ly E[(Y9)*] + 1,
L D) m r_ 7 Vo )

'
1+ 2EA L

@) _ —Cr— ca®?
Py = )
my
EA Y. —1
3 L
P£ ) = mL (rmﬂq I ¢VHVO)
1 Y. —1 1
W= _—JEA-L
pr m, { L L(’L’) r:uuM

i 2( 'PLL ) BF - <1>3(L)] (E[YgY?] +uvouq,>}

w0 - g,

(5) _ ﬁgl) - 2552)Cf90

py) = s
EA 1 P, 1
© _ _ 1 L
pro= M + my |:LKrrH‘1" + L ¢r'u"0):|7
= B4
r L(]W<|>I’I1d)7
EA w, 1 y, —1\?
(8) _ L ® L
Py M+md{ T Dbty + ( 7 ) u}

(31)

To obtain the covariance matrix Ryoyo = E[YOYOT]
and the differential equations governing the second-
order statistical moments of the state vector Y°(¢), the
following differential equation

d T T

ERY‘)YO = BRyoyo + RonOB + dd (32)
should be solved together with the differential equa-
tions for mean values defined as

Sou(0) = E[e(¥°(0)], (33)
where
(1) = EIY (1) (34)

The higher-order joint statistical moments of the state
vector Y?(¢) can be then easily obtained.

5 Numerical results

In the numerical analysis the main mass M = 6768 kg
is moving downwards with the transport speed V =
2.5 m/s. The total height of the entire system and initial
length of the cable are assumed as Zy = 261.86 m and
L(0) =58.66 m, respectively. The main mass is
attached at the lower end of a cable made by n, = 6
steel wire ropes. The parameters of every rope are:
mass per unit length m = 2.18 kg/m and longitudinal
stiffness FA = 22.889 MN. The horizontal displace-
ment of main mass is constrained by the spring with
the stiffness k = 2.8 kN/m and auxiliary small mass
my. The frequency of the sway and the amplitude at the
top point of the host structure are assumed as 2y =
0.105 Hz and Ap = 0.1 m, respectively. The param-
eters of TMD system were selected to mitigate the
effects of transition through the fundamental lateral
resonance of the system which is observed for the
length of suspension rope L = 161 m. Using the mass
ratio y = my®*(L)/m, = 0.05 and the optimal damp-

3u/(8(1 4 u)*) = 0.13, the particu-
lar TMD parameters are obtained as m,; = 382.85 kg,
kg =mg(@,/(1+p))* =15020 N/m and cq =
2my{ g = 61.04 Ns/m.

The model was treated twice, first by using the
nonlinear deterministic analysis with the structural
damping ratio {, = {; = 0.01, and then by using the
equivalent linearization technique for different values
of damping ratio of the auxiliary filter (;. The
comparison of the results obtained from the two
methods (see. Fig. 2) shows that the smaller the value
of {; is taken into the analysis the smaller differences
between the deterministic and expected values for
particular random state variables is obtained. As we
can see, the best match between the response curves
can be observed at the early stage of motion. After the
system enters into the resonance area the differences
become more significant, especially for the vertical
displacement of main mass u,,, as can bee seen on
Fig. 2c. However for very small values {; the lines of
generalized coordinates and horizontal displacements
of auxiliary mass are almost identical (Fig. 2a-b).

ing ratio {; =

@ Springer
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Fig.2 Comparison of deterministic results and expected values
obtained by the equivalent linearization technique: a g,, b z4,
C Uy

Figure 3 presents the percentage differences
between the expected values obtained for various {;
and deterministic solution of nonlinear system under
harmonic excitation. As it can be seen for small value
of {; the observed result is under 5%. The largest
deviation of the expected values from the non-linear
solution can be observed for the case of vertical
displacement of the main mass (Fig. 3c), but it may be
caused by very low values of these displacements in
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Fig. 3 Percentage difference between the deterministic results
and expected values obtained by the equivalent linearization
technique: a g,, b z4, ¢ uy

comparison with generalized coordinates or horizontal
displacements of an auxiliary mass.

The application of the equivalent linearization
technique leads to obtaining not only the expected
values of every random state variable but also their
variances and the mutual covariances. Figure 4 shows
the relationship between the value of coefficient {; that
was included into the analysis and the variance of
selected variables of the system (g,, zg and vy). As it
can be seen for the lowest values of Cf, for which the
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Fig. 4 Variances of particular random state variables obtained
by equivalent linearization technique

best comparison between the stochastic and determin-
istic results were obtained (see Figs. 2 and 3), the
values of variances received by equivalent lineariza-
tion technique are comparable. On the other hand for
the higher value of (; the differences between the
graphs are significant. This confirms that for this
cable-mass system the ratio of damping auxiliary filter
should be selected between 0.001 and 0.005.

6 Concluding remarks

The equations of motion of a vertical mass-cable
moving at speed within a tall host structure should
include the nonlinear effects due to the rope stretching.
Because of their slenderness high-rise buildings and
civil structures are subjected to vibrations caused by
external dynamic loads. The excitation due to these
loads result in bending deformation of the host
structure which in turn leads to the excitation of
structural part of internal equipment such as elastic
cables and ropes. To reduce their dynamic response
the properly designed TMD can be applied. To select
the parameters and implement the tuned mass damper
action the mode corresponding to the main mass
motion should be considered. Because of its nonde-
terministic nature, the problem should be examined by
using stochastic methods. The results presented in this
paper bring a conclusion that the random excitation
model can be represented as a narrow-band process
mean-square equivalent to the harmonic process and
can be implemented by using approximation.

The equivalent linearization technique results in
replacing the original system governed by non-linear
differential equations by an equivalent system gov-
erned by linear differential equations, that are
expressed in terms of the moments and of the
expectations of the non-linear functions of the
response process. As a result the covariance matrix
of the state variables is obtained. That gives relevant
and necessary information that should be taken into
account when designing the system.

The nonlinearity and non-stationarity of the process
require the application of numerical techniques. The
presented procedure shows that the equivalent lin-
earization technique can be effectively used in the
analysis. An undoubtful advantage of this approach is
shorter time of calculation in comparison to other
statistical methods.
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